The refractive index of freezing brine is important in order to, for example, estimate oceanic scattering as sea ice develops. Previously, no simple continuous expression was available for estimating the refractive index of brine at subzero temperatures. I show that extrapolation of the empirical formula for the refractive index of seawater by Quan and Fry [Appl. Opt. 34, 3477 (1995)] provides a good fit to the refractive index of freezing brine for temperatures above −24°C and salinities below 180‰.
Introduction
Pockets of brine in freezing equilibrium constitute an important scattering inclusion in sea ice. Consequently, the temperature and wavelength dependence of the refractive index of freezing brine, n brine , is important if we want to compute the scattering properties of sea ice using, for example, LorenzMie theory.
Quan and Fry [1] found an empirical formula for computing the real part of the refractive index of pure water or brine as a function of salinity S, temperature T, and wavelength λ. It is as follows [1] : n 0 brine ðλ; T; SÞ ¼ 1:
The coefficients are listed in Table 1 . This formula describes the dependency of n 0 brine (the prime indicates that it is only the real part) on salinity in the range of 0‰ < S < 35‰, temperature in the range 0°C < T < 30°C, and wavelength in the range 400 nm < λ < 700 nm. Moreover, Huibers [2] reported that the same formula is valid over a broader spectrum of wavelengths (200 nm < λ < 1100 nm) than originally assumed.
Previous Work
Brine inclusions in ice have temperatures below 0°C, so we need a formula that is valid for a wider range of temperatures. Typical sea water freezes when temperatures get below −2°C. Then brine and ice is a mixed phase system. When the system is in phase equilibrium, there is a specific relation between the temperature and the salinity of the brine. This means that one can find a formula for the refractive index of brine in freezing equilibrium that depends on temperature and wavelength alone.
Maykut and Light [3] found a way to estimate the real part of the refractive index of brine n 0 brine in freezing equilibrium with temperatures between −32°C and −2°C. The expression they propose fits their measurements well, but it is based on the Lorentz-Lorenz relation and it requires a density estimate for the brine as well as mass-weighted molar refractivities for the principal constituents of standard seawater in freezing equilibrium. Unfortunately, this way of finding n 0 brine does not simplify to a continuous empirical formula. It involves a lot of tabulated data. In the following, I will briefly recap what is needed to estimate n 0 brine using the method of Maykut and Light [3] .
To compute the refractive index of brine at wavelength λ and temperature T using the LorentzLorenz relation, we need the total polarizability P of the brine as a function of T and λ. Then we have n 0 brine ðλ; TÞ ¼ 1 þ 2Pðλ; TÞ 1 − Pðλ; TÞ 1=2 :
The total polarizability P is given by
where ρ brine is the density of the brine and the sum is over the mass-weighted molar refractivities of the constituents i with molar refractivity R i (in milliliters/mole), molecular weight W i (in grams/mole), and mass m i (in grams). The data needed as input for this expression include the masses and molar refractivities of the constituents of the brine as well as the density of the brine. The masses m i ðTÞ of the different constituents in equilibrium at different temperatures are available as tabulated data from Richardson [4] . The molar refractivity R H 2 O ðλÞ of pure water as an empirical function of wavelength is available from Schiebener et al. [5] . The refractivities R i for the remaining constituents are reproduced by Maykut and Light [3] from data measured by Stelson [6] , and they are considered independent of wavelength. All refractivities are considered independent of temperature (in the considered temperature interval). For convenience, the constant molar weights of the different constituents are also provided by Maykut and Light [3] . Finally, the density of the brine is needed and, based on their measurements, Maykut and Light give two different options: a parabolic, two-piece, least-squares fit of their density measurements or a regression fit for temperature correction of the density data measured by Thompson and Nelson [7] . A third option is to use the Thompson and Nelson data without the temperature correction.
The results obtained if one computes n 0 brine using these mass-weighted molar refractivities and the three different options to obtain a density estimate are reproduced in Fig. 1 . The curves are quite a good fit to the measurements by Maykut and Light [3] , which are also plotted in the figure. However, the tabulated data involved in this way of finding n 0 brine make it impractical for many applications.
Empirical Formula
To come up with a simpler alternative, let us try to extrapolate Quan's and Fry's empirical formula [Eq. (1)]. In order to compare the extrapolation to the measurements of Maykut and Light [3] , we need temperatures and salinities of brine at freezing equilibrium. These are available from the phase equilibrium table of Assur [8] and from that of Richardson [4] . The measurements of Richardson [4] indicate that mirabilite crystals start precipitating in the brine at a temperature between −8°C and −6°C. This causes large changes in the brine chemistry. Let us, therefore, use a parabolic, two-piece, least-squares fit to the phase equilibrium data. The two-piece fit should split at the temperature closest to where mirabilite crystals start precipitating. This temperature is not known precisely, but experimental evidence suggests a temperature closer to −8°C [9] [10] [11] [12] . The resulting fit is where S is salinity in parts per thousand (‰) and T is temperature in degrees Celsius (°C). The fit is plotted in Fig. 2 . When the brine reaches −22:9°C, hydrohalite crystals (NaCl⋅2H 2 O) start precipitating. Since refractive index measurements are available down to −32°C, the least-squares fit should, in principle, have been a three-piece fit. The dashed curve in Fig. 2 illustrates what the third piece of the fit would look like. However, as illustrated in the following, it turns out that this closer fit to the salinity measurements at temperatures lower than −24°C does not work well with Quan's and Fry's formula [Eq. (1)].
Inserting Eq. (2) for the salinity of brine in freezing equilibrium into Eq. (1), the following empirical formula results:
where λ is measured in nanometers and G i ðTÞ, i ¼ 1, 2, have the form
The coefficients are listed in Table 2 . Strictly speaking, G 1 ðTÞ should include terms with temperature power three and four, but the coefficients are negligibly small, so these have been removed.
The measurements by Maykut and Light [3] of the refractive index of brine in freezing equilibrium were carried out at the wavelength λ ¼ 589 nm. To check the validity of the extrapolation, n 0 brine ð589 nm; TÞ is plotted with the measurements in Fig. 3 . The result is surprisingly accurate (r 2 ¼ 0:995). The dashed curve in Fig. 3 is the result if we had used the threepiece fit (the dashed curve in Fig. 2 ).
Maykut and Light [3] have also measured the refractive index of nonequilibrium brine at T ¼ −4°C, but with different salinities and for different wavelengths. We can use these data to check the validity of Quan's and Fry's formula further. Maykut and Light [3] only use their data to check whether the empirical formula of Schiebener et al. [5] (used with the Lorentz-Lorenz relation as noted in Section 2) provides a reasonable fit to the wavelength dependence of the refractive index of freezing brine. They do this by correcting the predicted refractive indices such that they fit the measurement for λ ¼ 589 nm. Doing the same for Eq. (1), we get the result presented in Fig. 4 . The uncertainty of the measurements at Fig. 2 . Salinity of brine in freezing equilibrium as a function of temperature. Data samples measured by (þ) Assur [8] and (×) Richardson [4] . The solid curve is a two-piece, parabolic, leastsquares fit to the measurements from −2°C to −8°C and from −8°C to −24°C. The dashed curve is a third piece fitted to the measurements from −24°C to −32°C. Fig. 3 . Predicted refractive indices of brine in freezing equilibrium using the new extrapolation of Quan's and Fry's [1] formula (solid curve) as compared to measurements of Maykut and Light [3] . The dashed curve is the result if we use the three-piece fit in Fig. 2 instead of the two-piece fit. λ ¼ 700 nm has large error bars, whereas the other measurements have error bars around the size of the marks in the plot [3] . Considering this information, Quan's and Fry's formula [Eq. (1)] seems to do a slightly better job than the formula of Schiebener et al. [5] used with the Lorentz-Lorenz relation. The same is true if we do not correct the predicted curves such that they fit the measurement for λ ¼ 589 nm. This is illustrated in Fig. 5 . At S ¼ 180‰ and above, the Quan and Fry formula predicts increasingly too large refractive indices. Without the correction, none of the curves predicted by the Lorentz-Lorenz relation fit the measurements well. An unknown density correction is needed to make the Lorentz-Lorenz relation work for nonequilibrium brine.
Discussion
For light of wavelength λ ¼ 589 nm, Maykut and Light [3] measured the refractive index of freezing brine in phase equilibrium (−32°C ≤ T ≤ −2°C). For light of various wavelengths, they also measured the refractive index of freezing nonequilibrium brine
Comparison to these measurements indicates that extrapolation of the empirical formula by Quan and Fry [1] is a good approximation for temperatures down to −24°C and salinities up to 180‰. Figure 4 confirms that Quan's and Fry's formula reliably describes the wavelength dependency of freezing brine from 500 to 700 nm. This means that the formula is most probably accurate for freezing brine in the entire spectrum from 200 to 1100 nm as tested by Huibers [2] for nonfreezing brine.
There is a short range of temperatures (−2°C < T < 0°C) where refractive index measurements are not available for the brine. Consequently, it is not certain whether Quan's and Fry's formula is valid in this range. However, since the temperature of maximum density and the freezing point of the brine is close to −2°C [7] , the refractive index will not change much in this range and nor will the salinity. Small changes in salinity and temperatures close to zero mean that Quan's and Fry's formula will not change much either in this range. Then, as the formula is valid for both −2°C and 0°C, it is quite probable that it is valid in the entire range of temperatures from −24°C to 30°C.
As illustrated by the dashed curve in Fig. 3 , Quan's and Fry's formula has problems below −24°C if we use a closer fit to the salinity measurements. This is not surprising since hydrohalite, which starts precipitating at −22:9°C, is by far the most abundant salt in brine.
Incidentally, for freezing brine in phase equilibrium, the presented empirical formula [Eq. (3)] provides a good approximation for temperatures all the way down to −32°C (where the salinity is also larger than 180‰). To broaden the applicability of Quan's and Fry's formula even further, a density correction is probably needed for brine of very high salinity. [3] . The solid curve extrapolates the formula by Quan and Fry [1] ; the dotted curve uses the Lorentz-Lorenz relation. To explicitly check the ability to predict wavelength dependency of the refractive index, the curves have been corrected to meet the measurements at λ ¼ 589 nm. [3] . In this figure, the curves have not been corrected.
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